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Introduction

A satellite, JahSat-1, is orbiting the Earth, while being tracked by three stations, Kwajalein, Diego Garcia, and
Arecibo, in this report we will detail the dynamic models considered, how the states map to the measurements,
what filter was implemented, and the overall results considering multiple cases. Given an initial estimated state and
spacecraft parameters, each station will provide range and range-rate data to use in a Kalman Filter to determine the
spacecraft’s approximate state. With an initial epoch of March 23rd, 2018, 08:55:03 UTC, we will track the spacecraft
using 6 days worth of data collected. After an initial filter pass, we will then extrapolate this estimated position to
the first maneuver the spacecraft is expected to make, exactly 7 days later, March 30th, 2018, 08:55:03 UTC.

Burton Yale 4



ASE389P.4 Final Report May 14, 2022

Dynamics Modelling

Gravity

Two gravity models were used within the filter, one for the linearized dynamics propagating the State Transition
Matrix (STM), and the other more accurate model for propagating the state. The linearized model only used the
first approximation of spherical harmonics, out to 𝐽2. The dynamics end up being:

¥𝒙 𝐽2 =


𝒗( 𝜇

𝑟 3 + 𝐽𝑟

)
𝒓 + 𝐽𝑘 �̂�

6×1

(1)

Where:

𝐽𝑟 =
𝐽0
𝑟 5

(
1 − 5

𝑟 2

(
𝒓 · �̂�

)2
)

𝐽𝑘 =
2𝐽0
𝑟 5

(
𝒓 · �̂�

)
𝐽0 =

3
2𝜇𝐽2𝑎

2
𝑒

Where values of 𝐽2, 𝑎𝑒 , and 𝜇 were provided as:

𝐽2 = 0.001 082 625 45

𝑎𝑒 = 6, 378.136 3 km

𝜇 = 398, 600.441 5 km3

s2

For the higher fidelity state propagation, we instead use the EGM96 spheroid Earth model out to the 20th degree of
the 𝐶 and 𝑆 Stokes coefficients. The potential energy of the model can be expressed, using spherical coordinates, as
the following summation∗:

𝑈 (𝑟, 𝜃, 𝜑) = 𝜇

𝑟

(
1 +

∞∑︁
𝑛=1

(𝑎𝑒
𝑟

)𝑛 𝑛∑︁
𝑚=0

𝑌𝑚
𝑛 (sin(𝜃 )) (𝐶𝑚

𝑛 cos(𝑚𝜑) + 𝑆𝑚𝑛 sin(𝑚𝜑))
)

Where:

𝑌𝑚
𝑛 (𝑥) =

√︂
(2 − 𝛿0𝑚) (2𝑛 + 1) (𝑛 −𝑚)!

(𝑛 +𝑚)! 𝑃𝑚𝑛 (𝑥)

(2)

Where 𝑛 is the degree, 𝑚 is the order, 𝑌 is the normalized Legendre polynomial, and 𝑃 is the unnormalized
Legendre polynomial. The values for the Stokes coefficients were pulled from MATLAB’s Aerospace Toolbox1.

∗Write-up of potential referenced from Lukas Bystricky.
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The acceleration due to the potential can then be defined as ¥𝒙 = ∇𝑈 . It should be noted that the output of the
accelerations is in the Earth Centered Earth Fixed (ECEF), and must be rotated back into the Earth Centered Inertial
(ECI) frame, for each propagation step.

Drag

When considering drag, the spacecraft was modeled as a cannonball, but with an attitude dependent area, depicted
in the Spacecraft Attitude and Area Section. The dynamics are as follows:

¥𝒙𝑑𝑟𝑎𝑔 =


03×1
𝐶𝐷𝐴

2𝑚 𝜌 ∥𝒗𝑒𝑐𝑒 𝑓 ∥2 �̂�𝑒𝑐𝑒 𝑓

6×1

(3)

Where:

𝜌 = 𝜌0 exp
(
−𝑟 − 𝑟0

𝐻

)

𝒗𝑒𝑐𝑒 𝑓 = 𝒗 +


¤𝜃𝑦

− ¤𝜃𝑥

0


Where ¤𝜃 is the rotation speed of the Earth, 𝜌0 is the reference density at the reference height 𝑟0, 𝐻 is the scale
height, 𝐶𝐷 is the coefficient of drag∗, and 𝐴 is the perpendicular area to the travel direction. The following values
were used for the calculations:

¤𝜃 = 7.292 115 146 706 979 × 10−5 rads
s

𝜌0 = 3.614 × 10−13 kg
m3

𝑟0 = 70, 000 + 𝑅𝐸𝑎𝑟𝑡ℎ

𝐻 = 88, 667 m

𝐶𝐷 = 1.88

Spacecraft Attitude and Area

When transitioning to an attitude dependent area model, a few new quantities are needed to capture all of the
characteristics of the satellite shown in Figure 1. First we must calculate our spacecraft’s velocity relative to the
atmosphere, which adds a small additional component in the 𝑖 , and 𝑗 directions. As the spacecraft’s opposing faces

∗This is only the initial value used, this quantity is then estimated in the Filter Setup Section.
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are all symmetrical creating a rectangular prism, we can consider only each of the 3 unique faces without taking
into consideration all 6’s orientation. The area for each face is𝐴�̂� = 6 m2,𝐴𝑌 = 8 m2, and𝐴𝑍 = 12 m2. Representing
the Radial, In-Track, and Cross-Track (RIC) spacecraft body frame in ECI, we can find the angles between the
spacecraft’s relative velocity vector and the normal vector of the panel face. We can use these angles to scale the
original area of the face, effectively taking its projection onto the plane normal to our relative velocity.

With the spacecraft faces sorted, all that is left is to calculate our projection of the solar panel, whose area is
𝐴𝑆𝑃 = 15 m2. The solar panel is modeled to always be facing the Sun, whether it is eclipsed or not by the Earth.
The source of how this vector is calculated is covered in the Third-Body Perturbations Section, but once obtained
we use a similar method as before. With the solar direction vector 𝒓𝑆 as the normal vector of the panel face, we
once again calculate the angles between that and the relative velocity to get our projected area. All three body face
areas, and the solar panel area are summed together to be used in Equation (3). This is recalculated at every step of
propagation within the ODE call.

Figure 1:Model of spacecraft attitude, with �̂� in the direction of the of the radial direction, and �̂� in the normal
direction.
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Solar Radiation Pressure

The Solar Radiation Pressure (SRP) implemented is the faceted2,3 version accounting for the specular and diffusive
emissions from each face with their relative orientation to the Sun vector, 𝒓𝑆 . The equations of motion begin the
following:

¥𝒙𝑠𝑟𝑝 =


03×1

−
𝑁∑︁
𝑖=1

𝑃𝑠𝑟𝑝𝐴𝑖 cos (𝜙𝑖)
𝑚

(
2
(
1
3𝐶𝑑, 𝑖 +𝐶𝑠, 𝑖 cos (𝜙𝑖)

)
�̂� +

(
1 −𝐶𝑠, 𝑖

)
𝒔

)6×1

(4)

Where 𝒔 is the vector pointing from the center of the spacecraft to the Sun, and �̂� is the normal vector off of the
face being evaluated. Figure 2 depicts the relationship between the spacecraft orientation and the Sun. 𝑃𝑠𝑟𝑝 is the
force per unit area emitted by the Sun scaled to the current distance between the spacecraft and Sun. At 1 AU, or
149, 597, 871 km, the pressure from the Sun is 𝑃𝑠𝑟𝑝 = 4.57× 10−6 N/m2. 𝐴𝑖 is the projected area of the current face, 𝜙𝑖
is the angle between the �̂� and 𝒔 vectors,𝑚 is the mass of the spacecraft, 𝐶𝑑, 𝑖 is the diffusive coefficient of the face,
and 𝐶𝑠, 𝑖 , the specular coefficient of the face. Each face is of the spacecraft is modelled to have a different material,
which is compiled in the below table:

Face Material Diffusive Coefficient Specular Coefficient

𝑋± MLI Kapton 0.04 0.04

𝑌± MLI Kapton 0.04 0.04

𝑍+ White Paint 0.80 0.04

𝑍− Germanium Kapton 0.28 0.18

Solar Panel Solar Cells 0.04 0.04

Figure 2: Diagram of the two components of the faceted SRP model??.
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Third Body Perturbations

The final acceleration taken into account for determining the satellite’s orbit is perturbations from non-Earth bodies,
in this case the Sun and Moon are significant. For each of the bodies considered the equations of motion are:

¥𝒙3𝐵𝑃 =


03×1

−𝜇𝑝
(

𝒓𝑠𝑐 − 𝒓𝑝
∥𝒓𝑠𝑐 − 𝒓𝑝 ∥

+
𝒓𝑝
∥𝒓𝑝 ∥

)6×1

(5)

Where 𝜇𝑝 is the standard gravitational constant of the body, 𝒓𝑠𝑐 is the position vector from the center body to
the spacecraft, and 𝒓𝑝 is the position vector from the center body to the body. The values of 𝜇 for each body is:
𝜇Sun = 132, 712, 440, 018 km3/s2 and 𝜇Moon = 4, 902.800 066 km3/s2.

The positions of the Sun and Moon were calculated by using NAIF Spice Kernel data4,5, using Earth as the center
body from the DE440s library. Later, it will be shown that this introduced a certain level of error in the filtering
process due to the simulated data being calculated with Vallado’s polynomial curves for the position2. SPICE’s
J2000 frame is its stand in for the ECI frame, while ECLIPJ2000 is the standard J2000 w.r.t. to the mean solar
system inclination. These ECI vectors are multiplied by the Nutation and Precession matrices, see explanation in
Measurement Modelling, to be in the same frame of reference as the rest of the spacecraft model.
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Measurement Modelling

Measurements provided are in the form of range, 𝜌 , and range-rates, ¤𝜌 , as well as which station the measurement
comes from. The data provided is the first 6 days worth of tracking data, which is to be used to extrapolate to a
delivery point at exactly 7 days elapsed from initial epoch, 23 March 2018 08:55:03 UTC. Measurements are collected
from three stations, Kwajalein (𝜆 = 8.7167◦ N, 𝜙 = 167.7333◦ E), Diego Garcia (𝜆 = 7.3195◦ S, 𝜙 = 72.4229◦ E),
and Arecibo (𝜆 = 18.4442◦ N, 𝜙 = 66.6464◦ W). Additionally, each of these stations have their own measurement
uncertainty: Kwajalein and Arecibo have range uncertainties of 10 m and range-rate uncertainties of 0.5 mm/s,
while Diego Garcia has range uncertainties of 5 m and range-rate uncertainties of 1 mm/s. It will be found later that
the range measurements may be biased, while range-rate measurements are zero-mean.

Without manipulating any data, we can pull trends to further restrict our initial conditions for filtering the resulting
state. Figure 3 shows the outputs of the range and range-rate data for only the first day of measurements, for clarity.
Immediately we can see that Arecibo is the station that has the smallest observation arcs, thus being the farthest
from the spacecrafts orbit. This tracks with the station also having the largest latitude, 𝜆. Additionally, Diego
Garcia, the most southernly station, has the deepest troughs in the range data, so we can conclude the spacecraft’s
orbit is relatively close to the station in inclination. As well since the data is sinusoidally periodic, with roughly a
repeat time of a day, we can also conclude the satellite is in a low inclination orbit. Taking into account all of these
factors, we can safely say the spacecraft has an inclination less than that of Diego Garcia’s latitude, and has a low
eccentricity, without viewing our initial approximated station.

Figure 3: First day’s worth of data, without any manipulation, colored by station collecting measurements.
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ECEF to ECI Transformation

In order to have meter-level accuracy, we can not conclude the transformation of ECEF to ECI is a rotation about
the �̂� axis of the ECI frame, we must also taking into account the shifting of the Earth due to its rotational dynamics.
Like all rotating masses, there is a certain level of nutation and procession of the pole over time which can become
significant to reach the level of accuracy of the station’s sensors provided. The primary use of this rotation, in
addition to the rotation of accelerations for the EGM Model, is to rotate the positions of the Stations into the ECI
frame to calculate the range and range-rate measurements in the next section.

This transformation is the combination of four rotation matrices, which themselves are combinations of rotations.
The values used for each rotation are based off the InternationalAstronauticalUnion (IAU) 1980 Theory of Nutation
and IAU-1976 Theory of Precession6:

• The first matrix is the same as in the simplified ECEF to ECI transformation, R which is an R3(𝜃𝐺𝑀𝑆𝑇 ) rotation
about the �̂� axis with respect to the vernal equinox.

• The nutation matrix, N, which is comprised of three rotations R1(−𝜖)R3(−𝛥𝜓 )R1(𝜖), where 𝜖 is the true
obliquity of the ecliptic, 𝛥𝜓 is the nutation of the longitude (augmented with real data), and 𝜖 is the mean
obliquity of the ecliptic.

• The precession matrix, P, similarly, is also comprised of three rotations R3(−𝑧)R2(𝜃 )R3(−𝜁 ), where 𝑧, 𝜃 , and
𝜁 are the combined effects of the precession of the rotation axis.

• Finally, the polar motion matrix, W, which is based off the vector 𝒑 = [𝑥, 𝑦, 0]𝑇 . Representing the movement
in the ECEF cardinal directions. As there can be no movement in the �̂� direction, that is set to zero. This
vector is then turned into a skew-symmetric matrix, W = [𝒑]𝑥 .

These rotations are then are then combined in order of operations to build the final Directional Cosine Matrix
(DCM) to convert a ECEF vector quantity to a ECI IAU-1980/FK5 vector quantity.

DCM𝐸𝐶𝐼→𝐸𝐶𝐸𝐹 = WRNP (6)

𝒓𝐸𝐶𝐸𝐹 = DCM𝐸𝐶𝐼→𝐸𝐶𝐸𝐹 𝒓𝐸𝐶𝐼

DCM𝐸𝐶𝐸𝐹→𝐸𝐶𝐼 = (WRNP)𝑇 (7)

𝒓𝐸𝐶𝐼 = DCM𝐸𝐶𝐸𝐹→𝐸𝐶𝐼 𝒓𝐸𝐶𝐸𝐹
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Converting States to Measurements

To begin the transformation from state to measurement, we must first find the station of interest, and transform its
coordinates into the ECI frame using the DCM above. From there we can find the range and range-rate with the
following equations:

𝜌 = ∥𝒓𝑠𝑐 − 𝒓𝑠𝑡 ∥ (8)

¤𝜌 =
(𝒓𝑠𝑐 − 𝒓𝑠𝑡 )𝑇 (𝒗𝑠𝑐 − 𝒗𝑠𝑡 )

𝜌
(9)

Although, these are not the final measurements, as they do not take into account the time for the signal to bounce
from the spacecraft back to the station. We can find the signal light-time using the given data range measurement
and dividing it by the speed of light (ignoring any effects the atmosphere has on the speed of light). We then
backpropagate the spacecraft’s position from its current one by the light time to get our update state. As well we
must also update the station position by the same metric to get our light-time correct state measurements.

Burton Yale 12
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Filter Setup

For filtering the measurements to estimate the spacecraft’s state, I implemented an Extended Kalman Filter (EKF),
with the following state:

𝒙 =


𝒓

𝒗

6×1

(10)

Other parameters such as station range biases and spacecraft 𝐶𝐷 were estimated separately from the Kalman filter.
It should be noted that there is no post-processing/smoothing after the filter runs its course.

Extended Kalman Filter Setup

As a brief overview, the EKF propagates an estimate of the state forward using the dynamics described above. Along
with the state, the linearized dynamics are used to propagate the STM, F𝑘 . The symbolic representation of the
linearized dynamics, A is available in the Appendix7.

Extrapolation: 𝒙𝑘+1 |𝑘 = 𝒇
(
𝒙𝑘 |𝑘

)
P𝑘+1 |𝑘 = F𝑘P𝑘 |𝑘F𝑇

𝑘
+ ΓQΓ𝑇

(11)

Due to the inability to perfectly model the dynamics the spacecraft is under, we must implement a certain level of
process noise to “mask” the uncertainty in our propagation steps. In addition, our time between measurements isn’t
consistent, while being tracked by the station, the satellites range and range-rate is recorded every 60 seconds. Time
between stations is variable due to the locations of stations on the rotating Earth under the spacecraft’s inertial
orbit. To compensate for this, we must include a Γ matrix:

ΓQΓ𝑇 = 𝛥𝑡2



𝛥𝑡2

4 𝜎2
¥𝑅 0 0 𝛥𝑡

2 𝜎2
¥𝑅 0 0

0 𝛥𝑡2

4 𝜎2
¥𝐼 0 0 𝛥𝑡

2 𝜎2
¥𝐼 0

0 0 𝛥𝑡2

4 𝜎2
¥𝐶 0 0 𝛥𝑡

2 𝜎2
¥𝐶

𝛥𝑡

2 𝜎2
¥𝑅 0 0 𝜎2

¥𝑅 0 0

0 𝛥𝑡

2 𝜎2
¥𝐼 0 0 𝜎2

¥𝐼 0

0 0 𝛥𝑡

2 𝜎2
¥𝐶 0 0 𝜎2

¥𝐶



(12)

Since our dynamics are predominantly affecting the spacecraft relative to the RIC frame (in-track with drag, etc.), it
would be much more effective to model our state noise compensation also in that frame. When propagating forward,
this matrix is then rotated back into ECI before being added to our covariances. A majority of our uncertainty
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in determining the satellites orbit is in measuring its 𝐶𝐷 , while the other terms like SRP, gravity, and third-body
effects are more well understood and modelled. As such, our 𝜎 ¥𝐼 will be higher as a result8. Unless stated otherwise
the process noise for all results will have the following uncertainties:

Direction Uncertainty

𝜎 ¥𝑅 10−16 km/s2

𝜎 ¥𝐼 10−12 km/s2

𝜎 ¥𝐶 10−16 km/s2

This extrapolated state is then converted into a measurement and compared against the given data. This difference,
𝒚𝑘+1 |𝑘 , is the pre-fit residual.

Comparison: 𝒛𝑘+1 |𝑘 = 𝒉
(
𝒙𝑘+1 |𝑘

)
𝒚𝑘+1 |𝑘 = 𝒛𝑘+1 |𝑘 − 𝒛𝑎

𝑘+1

(13)

Using the pre-fit residual, and the measurement sensitivity matrix, H𝑘+1, which is the Jacobian of the measurement
function, 𝒉(𝒙), with respect to the state, we can generate the innovation covariance, S𝑘+1, and Kalman Gain, K𝑘+1.
These are used to update our extrapolated state and covariance to become more in line with the measurements. This
updated state is then passed through the measurement function again, and compared to find the post-fit residual,
𝒚𝑘+1 |𝑘+1.

Update: S𝑘+1 = H𝑘+1P𝑘+1 |𝑘H𝑇
𝑘+1 + R

K𝑘+1 = P𝑘+1 |𝑘H𝑇
𝑘+1S−1

𝑘+1

𝒙𝑘+1 |𝑘+1 = 𝒙𝑘+1 |𝑘 + K𝑘+1𝒚𝑘+1 |𝑘

P𝑘+1 |𝑘+1 = (I − K𝑘+1H𝑘+1)P𝑘+1 |𝑘

𝒛𝑘+1 |𝑘+1 = 𝒉
(
𝒙𝑘+1 |𝑘+1

)
𝒚𝑘+1 |𝑘+1 = 𝒛𝑘+1 |𝑘+1 − 𝒛𝑎

𝑘+1

(14)

Bias Estimation

Next was to estimate the bias of each station, to do this we first checked the range residuals assuming no bias
within the system. Looking at the mean of the resulting error, we can adjust the biases until this value becomes less
than that of the stations range measurement uncertainty. This is done while setting the process noise, Q, to zero to
show the true effects of the implemented dynamics, and to avoid the process noise masking the actual bias of the
stations.
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Figure 4: Bias assumed to be zero with 3 days worth of data, Arecibo shows large difference from a zero mean
white noise.

After a couple of iterations, we came to the conclusion that only Arecibo was in need of bias adjustments, as both
Diego Garcia and Kwajalein did not have a mean residual of larger than their measurement uncertainty. With
Arecibo adjusted to a bias of +18.9 m, the post-fit residuals became the following:

Figure 5: Biases adjusted with 3 days worth of data, Arecibo (and other stations) show reduction in their overall
post-fit residuals.
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Drag Estimation

The approach for 𝐶𝐷 estimation is similar to bias estimation. Turning process noise to zero, and reviewing the
resultant residuals proved to be a good method of estimating drag without needing to include it in the state. Starting
with the initial 𝐶𝐷 = 1.88, we saw that the range-rate residual data begin to slowly creep away from zero-mean,
in a positive direction showing that we are underestimating the effects of drag on the spacecraft. This is since
residuals are calculated as 𝒚 = 𝒛𝑒𝑠𝑡 − 𝒛𝑎𝑐𝑡 . Figure 6-Figure 8 show the effects of increasing drag from 𝐶𝐷 = 1.88
through to𝐶𝐷 = 2. Moving to𝐶𝐷 = 1.95 showed a positive improvement in residuals, but still had a departure from
zero mean. While 𝐶𝐷 = 2 was an over-correction where now the spacecraft’s range-rate residuals shifting in the
negative direction, meaning the spacecraft is now moving slower than measured.

After multiple filter runs, we settled on a 𝐶𝐷 = 1.975, in Figure 9. This value minimized the range and range-rate
residuals mean, and not showing any advanced “creep”. A note for the range-rate residuals is that all stations seem
to have an oscillation in there value. With a period of 1-day, the source of this error is most certainly the ECEF to
ECI transformation not exactly matching the simulated data. Primary culprit is how the EOP data is interpolated
between dates, in the Appendix, we show the linear interpolation between data points.

This increase in𝐶𝐷 , roughly 5%, can be attributed either a bad initial estimate, or show that the spacecraft’s attitude
is not as what was assumed in the Drag section. The spacecraft could be tumbling or have been re-oriented, showing
a different face to the atmosphere.

Figure 6: 𝐶𝐷 = 1.88 and Q = 0. The range-rate residuals show the spacecraft is moving faster than the
measurements say it does.
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Figure 7: 𝐶𝐷 = 1.95 and Q = 0. Adjusting to a higher 𝐶𝐷 , has reduced overall residuals, but still shows an offset in
velocity.

Figure 8: 𝐶𝐷 = 2 and Q = 0. Increasing to 2, shows an over-correction in the drag coefficient of the spacecraft.

Burton Yale 17



ASE389P.4 Final Report May 14, 2022

Figure 9: 𝐶𝐷 = 1.975 and Q = 0. While the range-rate residuals still grow overtime, they remain roughly zero
mean and shows that 1.975 is a relatively good estimate of the spacecraft’s 𝐶𝐷 .
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Results

Running the filter with the above models, we can compare our residuals, both pre and postfits, considering the
following cases:

• Case A: Only range sensors are considered
• Case B: Only range-rate sensors are considered
• Case C: Only measurements from Kwajalein are considered
• Case D: Only measurements from Diego Garcia are considered
• Case E: Only measurements from Arecibo are considered
• Case F: All stations and sensors are available
• Case G: The initial state and covariance are propagated to the last days worth of measurements, then all
stations and sensors are available

The sensors and stations that are not considered within each case arbitrarily have their measurement noise increased
to 𝜎 = 108, to avoid any contribution to the filter. In the residual plots, the inflated noise will not show in the
3-sigma bounds of each plot. First we will show all plots, then all discussion and interpretation of results will be
in the Discussion. Also any plot not easily visible will have links to zoom ins (located in the Appendix), in their
captions.

Pre-Fit Residuals

Figure 10: Prefit residuals for the range sensors only case, filter begins to diverge, mildly, after 4 days of data.
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Figure 11: Prefit residuals for the range-rate sensors only case, filter performs well compared to **Case A**.

Figure 12: Prefit residuals for the Station 1 case, after an initial hiccup, the filter becomes relatively confident of its
solution.
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Figure 13: Prefit residuals for the Station 2 case, worst performing case relative to all others. Zoom-in in Appendix

Figure 14: Prefit residuals for the Station 3 case, similar to Case C, after an initial hiccup, the filter becomes
relatively confident of its solution. Due to shorter view times, this takes longer. Zoom-in in Appendix
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Figure 15: Prefit residuals for all data case, lines up well with Case B, with very good consistency.

Figure 16: Prefit residuals for 1 day data case, even with propagated initial state, filter quickly figures out where to
place the spacecraft.
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Post-Fit Residuals

Figure 17: Postfit residuals for the range sensors only case, filter begins to diverge, mildly, after 4 days of data.
With cleaner earlier residuals than prefit.

Figure 18: Postfit residuals for the range-rate sensors only case, filter performs well against all results. With
cleaner earlier residuals than prefit.
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Figure 19: Postfit residuals for the Station 1 case, after an initial hiccup, the filter becomes relatively confident of
its solution.

Figure 20: Postfit residuals for the Station 2 case, worst performing case relative to all others. Residuals more well
behaved than prefit counterparts.
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Figure 21: Postfit residuals for the Station 3 case, similar to Case C, after an initial hiccup, the filter becomes
relatively confident of its solution. Due to shorter view times, this takes longer. Zoom-in in Appendix

Figure 22: Postfit residuals for all data case, lines up well with Case B, with very good consistency.
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Figure 23: Postfit residuals for 1 day data case, even with propagated initial state, filter quickly figures out where
to place the spacecraft.
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Error Ellipses

Figure 24: Radial and in-track very close to approximated truth (estimated from NAG results), apart from cases A
and D. See discussion for reasoning.

Figure 25: All results nearly within 20 m of approximated truth, pointing to correct dynamics in these directions.
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Figure 26: Once again well behaved results apart from cases A and D.

Discussion

In the filtering stage, all cases perform relatively consistent, with an average dispersion of the final position of
±30 m and a largest difference of 80 m. This difference is due to Diego Garcia and the Range only measurements,
without them, the average becomes ±15 m. Even with this in mind, overall the residuals for all cases are very close
to the 3-sigma measurement noise of each sensor.

Similarly residuals overall showed good performance relative to the noise floor of each sensor. Range, for most
cases, was well within the 3-sigma bounds, while range-rate demonstrated an oscillation about zero. As stated
previously, this is most likely due to a modelling mismatch in the ECEF to ECI rotations. For the most part this
difference is on the order of millimeters per second, while still above the noise floor of the range-rate sensors, is
still a good result.

Case A The range only case demonstrated one of the larger challenges in estimating the spacecraft’s state. Since
the range calculation does not include any velocity data from the spacecraft, the filter had low observability in half
of the states, which, as we can see, lead to some divergence towards the end of the filtering run, and one of the
largest delivery ellipses off. With more data this might have reconverged to a better estimate, but that’s difficult to
determine here. Also, due to the low measurement noise of Diego Garcia, the filter was more inclined to believe
the estimate that station was giving, which is why the delivery ellipses are skewed towards the Diego Garcia only
result (as to why that’s wrong will be covered in Case D).

Burton Yale 28



ASE389P.4 Final Report May 14, 2022

Case B In stark contrast to Case A, the range-rate only data allowed the filter to very easily find a good estimate
of the spacecraft. For a similar reason as why range only was difficult, the range-rate data includes both the position
and velocity state of the spacecraft in the measurement, allowing for good observability of all state elements. This
also most likely benefitted from those sensors also being zero-mean, giving an unbiased measurement. As well since
these sensors have very high accuracy, the Case F filter with all data was highly inclined to believe the range-rate
only case, and can be seen as right on top of each other in the delivery ellipses.

Case C Surprisingly, Kwajalein proved to be one of the better stations at estimating the spacecraft’s delivery
position. After some investigation, this station is the last one to see the spacecraft at the end of the dataset, so
there is less propagation time in total to the 𝛥𝑣1 epoch. Additionally, being the second station to initially view the
spacecraft caused instability during the first day of residuals, but as more data came in, the filter was handily able
to identify the spacecraft’s state.

Case D Easily the most troubled case, which is counter intuitive due to Diego Garcia’s smaller range measurement
noise, but also has a larger range-rate measurement noise. Viewing previous results, it seems that the range-rate
data performs much better than the range data (due to the state observability), so it could be one possible reason
as to why this estimate was the largest off. While it does not perform terribly, the filter is far too confident in its
estimate even with the residuals taken into account.

Case E Apart from cross-track, this station was very well performing, and a likely source for that error is Arecibo’s
latitude being the highest of all stations. Even though this is not reflected in the residuals, another main concern
for the propagation to delivery was that that Arecibo was the station with the last measurement farthest from the
delivery epoch, so any small errors in final state were only exaggerated.

Case F Taking into account all sensors and data, results more or less match those given by the range-rate only
sensors case, which makes sense, as described in that section. Simply put, range-rate is more information dense
in regards to the spacecraft’s state for a given measurement period, compared to range only. We see the delivery
ellipse is skewed slightly towards the range only case due to this additional data nonetheless.

Case G The short-arc case proved to be the most interesting. Using the backpropagated estimate from Case F as
an initial guess, the state and covariance was propagated forward 5 days, to the last day’s worth of data. Of all
cases, this one is the closest in terms of radial and cross-track information, but skewed farther for in-track. Looking
at the range-rate residuals, we can see whenever the filter uses data from Diego Garcia, there is a large spike in the
residual. Once again pointing to Deigo Garcia being the problem station of all cases. An interesting case study
would be to eliminate Diego Garcia and only use Kwajalein and Arecibo, but I will leave that for a later time.
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Appendix

EOP Data Visualization
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Results Zoom Ins

Figure 27: Prefit Case D Zoom-In

Figure 28: Prefit Case E Zoom-In
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Figure 29: Postfit Case E Zoom-In
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Results from Initial NAG
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+
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𝐴
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𝜌
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𝐴
𝐶
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𝑥
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√
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𝑥
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𝑥
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𝜇
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𝑥
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𝑥
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𝑥
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𝐴
𝐶
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𝑎
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𝑥
2 2+

𝑥
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𝑎
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2
(𝑥
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𝑥
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𝑥
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+

3
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A
U

2
𝐶
𝑅
𝑃
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𝑥

2 )(𝑟S1 −
𝑥

1 )
2
𝑚
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𝑥
1 ) 2+ (𝑟S2 −

𝑥
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𝑥
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𝐴
𝐶
𝐷
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0
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𝐻
(
𝑥

4 +
¤𝜃
𝑥
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𝑥
4 +
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𝑥
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2+(

𝑥
5 −
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𝑥

1 )
2+
𝑥
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+
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𝐴
𝐶
𝐷
𝜌
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𝑟0 − √

| 𝑥1 | 2+| 𝑥2 | 2+| 𝑥3 | 2

𝐻
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𝑥
4 +
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𝑥
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𝑥

4 +
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𝑥
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𝑥
5 −
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𝑥
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𝑥
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𝐻
𝑚
√
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𝑥
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1 2+

𝑥
2 2+

𝑥
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𝜇
𝑀 (
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( |𝑟M

1 −
𝑥

1 | 2+ |𝑟M
2 −

𝑥
2 | 2+ |𝑟M

3 −
𝑥

3 | 2)
3/2 −

3 |𝑟M
2 −

𝑥
2 |sign (𝑟M
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𝑥
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2 −

𝑥
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( |𝑟M
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𝑥
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𝑥
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𝑥
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𝜇
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𝑥
1 | 2+ |𝑟S2 −

𝑥
2 | 2+ |𝑟S3 −

𝑥
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𝑥
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𝑥
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𝑥
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( |𝑟S1 −
𝑥
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𝑥

2 | 2+ |𝑟S3 −
𝑥
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𝑥
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𝑎
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−
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𝑥3 2 −1 )
2
(𝑥

1 2+
𝑥
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𝑥
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−

𝐴
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2
𝐶
𝑅
𝑃
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𝑚
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𝑥
1 ) 2+ (𝑟S2 −

𝑥
2 ) 2+ (𝑟S3 −

𝑥
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𝐴
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U

2
𝐶
𝑅
𝑃
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𝑥
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𝑥
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2
𝑚
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𝑥
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𝑥
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𝑥
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𝐴
𝐶
𝐷
𝜌

0
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𝑥
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𝑥
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𝑥
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2
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𝑥
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𝑥
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𝑥
5 −
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𝑥

1 )
2+
𝑥
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+
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𝐴
𝐶
𝐷
𝜌
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| 𝑥1 | 2+| 𝑥2 | 2+| 𝑥3 | 2

𝐻
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2 |sign (𝑥
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𝑥
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𝑥
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𝑥
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𝑥
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2+(

𝑥
5 −

¤𝜃
𝑥

1 )
2+
𝑥

6 2

2
𝐻
𝑚
√

|𝑥
1 | 2+ |𝑥

2 | 2+ |𝑥
3 | 2

3
𝜇
𝑥

2
𝑥

3
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1 2+

𝑥
2 2+

𝑥
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3
𝜇
𝑀

|𝑟M
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𝑥
2 |sign (𝑟M

2 −
𝑥

2 )(𝑟M
3 −

𝑥
3 )

( |𝑟M
1 −

𝑥
1 | 2+ |𝑟M

2 −
𝑥

2 | 2+ |𝑟M
3 −

𝑥
3 | 2)

5/2 +
3
𝜇
𝑆
|𝑟S2 −

𝑥
2 |sign (𝑟S2 −

𝑥
2 )(𝑟S3 −

𝑥
3 )

( |𝑟S1 −
𝑥

1 | 2+ |𝑟S2 −
𝑥

2 | 2+ |𝑟S3 −
𝑥

3 | 2)
5/2 +

15
𝐽2
𝑎
𝑒 2

𝜇
𝑥

2
𝑥

3

(𝑥
1 2+

𝑥
2 2+

𝑥
3 2) 7/2 −

15
𝐽2
𝑎
𝑒 2

𝜇
𝑥

2
𝑥

3 (𝑥
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(𝑥
1 2+

𝑥
2 2+

𝑥
3 2) 9/2
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𝐽2
𝑎
𝑒 2

𝜇
𝑥

2
𝑥

3 (
5(

𝑥3 ) 2

𝑥1 2+
𝑥2 2+

𝑥3 2 −1 )
2
(𝑥

1 2+
𝑥

2 2+
𝑥

3 2) 7/2
+
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3
𝐴

A
U

2
𝐶
𝑅
𝑃
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𝑟S2 −2
𝑥

2 )(𝑟S3 −
𝑥

3 )
2
𝑚
( (𝑟S1 −

𝑥
1 ) 2+ (𝑟S2 −

𝑥
2 ) 2+ (𝑟S3 −

𝑥
3 ) 2)

5/2 −
𝐴
𝐶
𝐷
𝜌

0
¤𝜃
𝑥
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𝑟0 − √
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𝐻
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𝑥

4 +
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𝑥
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2
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𝑥
4 +
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𝑥
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𝑥
5 −

¤𝜃
𝑥

1 )
2+
𝑥

6 2
+

𝐴
𝐶
𝐷
𝜌

0
𝑥

6 e
𝑟0 − √

| 𝑥1 | 2+| 𝑥2 | 2+| 𝑥3 | 2

𝐻
|𝑥

2 |sign (𝑥
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𝑥
4 +

¤𝜃
𝑥
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𝑥
5 −

¤𝜃
𝑥
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𝑥

6 2

2
𝐻
𝑚
√

|𝑥
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3 | 2
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𝜇
𝑥
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3
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𝑥
2 2+

𝑥
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3
𝜇
𝑀

|𝑟M
3 −

𝑥
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𝑥
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𝜇
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3
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−
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𝑥
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2
𝐻
𝑚
√
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𝜇
𝑥

2
𝑥

3
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𝑥
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𝑥
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3
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𝑥
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𝑥
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𝑥
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𝜇
𝑆
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𝑥
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𝑥
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−
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𝑥
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𝑃
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𝑥

2 )
2
𝑚
( (𝑟S1 −

𝑥
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𝑥
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𝑥
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𝐶
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𝑥
3 | 2)

5/2 )−
...
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Methods of Orbit Determination Project
Burton Yale

Last Update: 2022-04-25

Setup
Pathing to Correct Folder
clear; close all; clc
% cd('C:\Users\Burto\repos\uta\mod\proj')
% addpath('src')

Loading Constants
58200.5202/0.5209 -- 00.9952/0.9959

load("constants.mat");
dataset = importdataset(3);

Case Selection
runcase = 4;
dynname = 'EGMDragSRP3BP';

Filtering
% INPUTS
X0 = const.X0;
sigmaR = 10;
sigmaV = 10/1000;
sigmaA = [1e-16 1e-12 1e-16].';
Qdt = 1;
const.SC.CD = 2;

% RUNNING
% profile clear
% profile on
warning('off', 'MATLAB:nearlySingularMatrix'); % Removing annoyance
filter = filter_inputs(X0, runcase, ...
    sigmaR, sigmaV, sigmaA, Qdt, ...
    dataset, const, true)

Filtering: 100%    [..........] Done
filter = struct with fields:
          X: [2570×6 double]
          P: [6×6×2570 double]
          S: [2×2×2569 double]
     prefit: [2569×2 double]
    postfit: [2569×2 double]
          K: [6×2×2569 double]
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     inputs: [1×1 struct]
       time: [0 60 120 180 240 300 360 420 480 540 600 1620 1680 1740 1800 1860 1920 1980 2040 2100 2160 2220 2280 4080 4140 4200 4260 4320 6360 6420 6480 6540 6600 6660 6720 6780 6840 6900 6960 7020 8100 8160 8220 8280 8340 8400 8460 8520 8580 8640 … ]

warning('on', 'MATLAB:nearlySingularMatrix'); % Turning back on
% profile viewer

filter.X(end, :).'

ans = 6×1
      -4906.1
         5221
       64.524
      -5.4175
      -5.1112
     -0.25386

filter.P(:, :, end)

ans = 6×6
   6.1965e-09   6.4471e-09   9.9806e-10  -5.5301e-12   6.3359e-12   1.4675e-12
   6.4471e-09   7.5058e-09   2.4791e-10   -5.787e-12   7.4437e-12   1.9676e-12
   9.9806e-10   2.4791e-10   2.6821e-09   -7.928e-13   1.2652e-13  -1.8151e-14
  -5.5301e-12   -5.787e-12   -7.928e-13   5.0655e-15  -5.8148e-15  -1.1016e-15
   6.3359e-12   7.4437e-12   1.2652e-13  -5.8148e-15   7.5196e-15   1.6483e-15
   1.4675e-12   1.9676e-12  -1.8151e-14  -1.1016e-15   1.6483e-15   3.0015e-15

Propagating Forward to Target Time
% FINDING DIFFERENCE FROM FINAL MEASUREMENT TO TARGET TIME
tTarg = 7*86400;
tf = filter.time(end);
dt = tTarg - tf;

% PROPAGATING STATE AND COVARIANCE
cspice_furnsh('data\naif0012.tls')
cspice_furnsh('data\de440.bsp')
[Xf, Fk] = propagate(filter.X(end, :).', dt, const, dataset(end).Time)

Xf = 6×1
        445.5
      -7100.2
      -183.85
        7.486
      0.46958
      0.17754
Fk = 6×6
       184.12       -192.6      -2.2951   1.8678e+05   1.7193e+05       8606.4
       13.851      -13.476     -0.12068        14481        12438       627.48
         4.45      -4.5857     -0.88608       4500.5       4111.3       725.57
    -0.010421     0.012036   0.00017769      -10.164      -10.362     -0.48017
      0.19365     -0.20348   -0.0024451       197.09       182.26       9.1419
    0.0051074    -0.005314  -0.00063523       5.2131       4.8098     -0.60415

Pf = Fk*filter.P(:, :, end)*Fk.' + Qdyn(sigmaA, dt, Xf);
cspice_kclear;
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function filter = filter_inputs(X0, runcase, sigmaR, sigmaV, sigmaA, Qdt, dataset, const, trackiters)

Handling Cases
% CREATING COVARIANCE
P0 = [sigmaR^2*eye(3) zeros(3);
      zeros(3)        sigmaV^2*eye(3)];

% LOADING SPICE DATA
cspice_furnsh('data\naif0012.tls')
cspice_furnsh('data\de440.bsp')

switch runcase
    case 1 % Range Only
        for i = 1:3
            const.Station(i).sigmas(2) = 1e5;
        end
        
    case 2 % Range-Rate Only
        for i = 1:3
            const.Station(i).sigmas(1) = 1e5;
        end
        
    case 3 % Station 1 Only
        for i = [2 3]
            const.Station(i).sigmas = [1e5 1e5];
        end
        
    case 4 % Station 2 Only
        for i = [1 3]
            const.Station(i).sigmas = [1e7 1e7];
        end
        X0 = const.X0filter;
        
    case 5 % Station 3 Only
        for i = [1 2]
            const.Station(i).sigmas = [1e5 1e5];
        end
        
    case 6 % Short-Arc
        if dataset(end).Time > 86400
            % REMOVING ALL BUT LAST DAY
            tspan = [dataset(:).Time].';
            dayidx = find(-(tspan - tspan(end)) <= 86400, 1, 'first');
            dataset = dataset(dayidx:end);
            
            % SETTING X0
            X0 = const.X0filter;

1
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            % FORWARD PROPAGATING INITIAL STATE
            [X0, Fk] = propagate(X0, dataset(1).Time, const, 0);
            
            % UPDATING COVARIANCE
            P0 = Fk*P0*Fk.' + Qdyn(sigmaA.^2, dataset(1).Time, X0);
        end
        
    case 7 % Long-Arc
        % Nothing changes
end

Setup
% USEFUL CONSTANTS
datalen = length(dataset);
n = datalen-1;

% OUTPUT FORMATTING
filter = struct(...
    'X', zeros(datalen, 6), 'P', zeros(6, 6, datalen), ...
    'S', zeros(2, 2, datalen-1), ...
    'prefit', zeros(datalen-1, 2), 'postfit', zeros(datalen-1, 2),...
    'K', zeros(6, 2, datalen-1));

% INITIALIZING STATE
Xk = X0; filter.X(1, :)    = X0;

% INITIALIZING COVARIANCE
Pk = P0; filter.P(:, :, 1) = P0;

% BIASES FROM (several) Q = [0] RUN
% bias = [-0.0132720954326827 + 0.0003585901484998649 - 7.474404137772083e-05;
%          0.0985739905418150 - 0.0016617382305449250 - 0.0001341613023890341;
%          0.0237491481230446 - 0.0018490239370114080 + 7.439378411874604e-05];
% bias = [-0.0005702 0 0.01989].';
% bias = [-0.005-0.0025-0.001 0.005+0.0025+0.0025+0.005 0.015-0.0025-0.0025-0.005].';
% bias = zeros(3, 1);
bias = [0 0 0.01909];

Filtering
if trackiters; textprogressbar('Filtering: '); end
for i = 1:n%datalen-1
    if trackiters; textprogressbar(i/n * 100); end
    % CONSTANTS (for each loop)
    IDk = dataset(i).StationID;      % Station at current measurement
    IDk1 = dataset(i+1).StationID;   % Station at next measurement
    tk = dataset(i).Time;            % Time of current measurement
    tk1 = dataset(i+1).Time;         % Time of next measurement
    dt =  tk1 - tk;                  % Time difference between measurements
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    Q = Qdyn(sigmaA.^2, dt/Qdt, Xk); % GammaQGamma Matrix
    
    % GETTING MEASURMENT
    zk1_actual = [dataset(i+1).Range; 
                  dataset(i+1).RangeRate];
    
    
    % PREDICT 
    [Xk1, Fk] = propagate(Xk, dt, const, tk);  % Extrapolated State and STM
    Pk1 = Fk*Pk*Fk.' + Q;                      % Extrapolated Covariance
    
    % VARIABLES NEEDED FOR UPDATE
    [rStation, vStation] = xStation(...   % Station State in ECI
        const.Station(IDk1), ...          % |
        const.Times.mjd0 + tk1/86400, ... % |
        const);                           % #
    Hk1 = Hgen(Xk1, rStation, vStation);  % Measurement Sensitivity Matrix
    sigSt = const.Station(IDk1).sigmas;   % Station Measurement Sigmas
    R = eye(2).*sigSt.^2;                    % Measurement Uncertainty Matrix
    zk1 = measurement(Xk1, ...            % Measurement from State
        const.Station(IDk1), ...          % |
        const.Times.mjd0 + tk1/86400, ... % |
        bias(IDk1), ...                   % | -- Station Range Bias
        const, ...                        % |
        tk1);                             % #
    prefit = zk1_actual - zk1;            % Pre-Fit Residuals
    
    % UPDATE
    % MALTAB Article
    Sk1 = Hk1*Pk1*Hk1.' + R;              % Innovation Covariance
    Kk1 = Pk1*Hk1.' / Sk1;                % Kalman Gain
    Xk1 = Xk1 + Kk1*prefit;               % Corrected State
    Pk1 = (eye(6) - Kk1*Hk1)*Pk1;         % Corrected Covariance
    zk1 = measurement(Xk1, ...            % Measurement from State
        const.Station(IDk1), ...          % |
        const.Times.mjd0 + tk1/86400, ... % |
        bias(IDk1), ...                   % | -- Station Range Bias
        const, ...                        % |
        tk1);                             % #
    postfit = zk1_actual - zk1;           % Post-Fit Residuals
    
    
    % SAVING
    filter.X(i+1, :) = Xk1;
    filter.P(:, :, i+1) = Pk1;
    filter.S(:, :, i) = Sk1;
    filter.K(:, :, i) = Kk1;
    filter.prefit(i, :) = prefit;
    filter.postfit(i, :) = postfit;
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    % RESETTING INITIAL STATE AND COVARIANCE
    Xk = Xk1;
    Pk = Pk1;
    
end
if trackiters; textprogressbar(' Done'); end
cspice_kclear;

Formatting Output
% SAVING INPUTS TO FILTER
filter.inputs.X0 = X0;
filter.inputs.runcase = runcase;
filter.inputs.sigmaR = sigmaR;
filter.inputs.sigmaV = sigmaV;
filter.inputs.sigmaA = sigmaA;
filter.inputs.Qdt = Qdt;
filter.time = [dataset(:).Time];
end
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Modelling Constants
const = struct;

Dynamical
% EARTH
const.Earth.Mu = 398600.4415;               % km3/s2
const.Earth.Radius = 6378.1363;             % km
const.Earth.J2 = 0.00108262545;             % n/a
const.Earth.RotVel =  7.292115146706979e-5; % rad/s
ld = load('data\EGM96.mat');
const.Earth.C = ld.C(1:21, 1:21);
const.Earth.S = ld.S(1:21, 1:21);
clear ld

% SUN
const.Sun.Mu = 132712440018;   % km3/s2
const.Sun.Dist =  149597870.7; % km (km/AU)

% MOON
const.Moon.Mu =  4902.800066; % km3/s2
const.Moon.Dist = 384472.282; % km

% DRAG VARIABLES
const.Drag.rho0 = 3.614e-13;                        % kg/m3
const.Drag.r0 = 700000.0 + const.Earth.Radius*1000; % m
const.Drag.H = 88667;                               % m

% SRP CONSTANTS
const.SRP.P0 = 4.57e-6; % N/m2 @ 1 AU

% SPEED OF LIGHT
const.c = 299792458/1000; % km/s

Spacecraft
% SPACECRAFT FACE CONSTANTS
const.SC.Mass = 2000;         % kg
% const.SC.Faces = ["+X" "-X";  
%                   "+Y" "-Y";  
%                   "+Z" "-Z"]; 
const.SC.Area = [6  6;        % m
                 8  8;        % |
                 12 12];      % #
const.SC.Cd = [0.04 0.04;     % n/a
               0.04 0.04;     % |
               0.80 0.28];    % #
const.SC.Cs = [0.59 0.59;     % n/s
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               0.59 0.59;     % |
               0.04 0.18];    % #

% SOLAR PANEL CONSTANTS
const.SolarPanel.Area = 15; % m
const.SolarPanel.Cd = 0.04; % n/a
const.SolarPanel.Cs = 0.04; % n/a

Assumptions
Not totally known values. Might need to be estimated like the state and CD

% STATION POSITIONS
% in km and km/s
const.Station(1) = struct('Name', 'Kwajalein', ...
                          'Position', [-6143584 1364250 1033743].'/1000, ...
                          'sigmas', [10/1000 0.5/1000/1000]);
const.Station(2) = struct('Name', 'Diego Garcia', ...
                          'Position', [1907295 6030810 -817119].'/1000, ...
                          'sigmas', [5/1000 1/1000/1000]);
const.Station(3) = struct('Name', 'Arecibo', ...
                          'Position', [2390310 -5564341 1994578].'/1000, ...
                          'sigmas', [10/1000 0.5/1000/1000]);

% SPACECRAFT ASSUMPTIONS
const.SC.CD = 1.88; % n/a

% INITIAL CONDITIONS
const.X0 = [6984.45711518852;   % km
            1612.2547582643;    % |
            13.0925904314402;   % #
            -1.67667852227336;  % km/s
            7.26143715396544;   % |
            0.259889857225218]; % #

% LEAST SQUARES OPTIMIZED STATE
const.X0lsq = [6978.6; 
               1612.0; 
                 13.098; 
                 -1.6589; 
                  7.263; 
                  0.26872];

% IMPORTANT Times
const.Times.utc0 = datetime('2018-03-23 08:55:03');
const.Times.mjd0 = juliandate(const.Times.utc0, 'modifiedjuliandate');
const.Times.utcdv1 = datetime('2018-03-30 08:55:03');
const.Times.mjddv1 = juliandate(const.Times.utcdv1, 'modifiedjuliandate');

EOP Data
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const.EOP = frame.readEOP([const.Times.utc0-calmonths(1), ...
                           const.Times.utc0+calmonths(1)]);
const.EOP = rmfield(const.EOP, 'func');

Nutation Data
n = 1000;
nut = zeros(n, 2);
mjdarray = linspace(const.EOP.data.mjd(1), const.EOP.data.mjd(end), n);
for i = 1:n
    nut(i, :) = earthNutation(2400000.5 + mjdarray(i) + 32.184/86400);
end
const.EOP.data.Nutation = nut;

Other
% tol = ;
const.etc.ODEOpts = odeset("RelTol", 1e-10, "AbsTol", 1e-10);
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Spacecraft Dynamics Function
function dX = dynamics(t, X, const, t0)

jd = const.Times.mjd0 + 2400000.5 + t0/86400 + t/86400;
et = cspice_str2et(sprintf('JD%0.16f', jd));
rS = mice_spkezr('SUN', et, 'J2000', 'NONE', 'EARTH').state(1:3);

Gravity
% TWO-BODY
% grav = eom.Kep(t, X, const.Earth.Mu);

% J2
% grav = eom.KepJ2(t, X, const.Earth.Mu, const.Earth.J2, const.Earth.Radius);

% EGM
[~, DCM] = ecef2eci_(X(1:3), const.Times.mjd0 + t0/86400 + t/86400, const);
units = 1;
Xecef = [DCM.'*X(1:3);
         DCM.'*X(4:6)]*units;
[xgrav, ygrav, zgrav] = EGM96_mex(Xecef(1), Xecef(2), Xecef(3), ...
    const.Earth.Mu*units^3, const.Earth.Radius*units, ...
    const.Earth.C, const.Earth.S);
grav = DCM*[xgrav; ygrav; zgrav]/units;
grav = [X(4:6); grav];

Drag
% NONE
% drag = zeros(6, 1);

% CANNONBALL
area = scArea(X, rS, const); % TODO: Function to calculate
drag = eom.Drag(t, X, const.SC.CD, area, const.SC.Mass, ...
    const.Drag.rho0, const.Drag.r0, const.Drag.H, const.Earth.RotVel);

% BOX-WING
% drag = zeros(6, 1);

SRP
% NONE
% srp = zeros(6, 1);

% CONSTANT CALCULATION
isOcculted = occultation(X(1:3), rS, const); % Checking for occulations from Earth
rSP = rS - X(1:3);                           % Pointing vector of solar panel face
area = const.SolarPanel.Area*~isOcculted;    % Zero-ing area if in occulusion
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CR = 1;                                      % Combined reflectivity (0 = transparent, 2 = total reflection)

% CANNONBALL
% srp = eom.SRP(t, X, CR, const.SolarPanel.Area, const.SC.Mass, rS);

% SPECULATIVE-DIFFUSIVE
srp = eom.SRP_SD(t, X, ...
    const.SolarPanel.Cd, const.SolarPanel.Cs, area, ...
    const.SC.Mass, rSP, rS);

Third Body
% NONE
thirdbody = zeros(6, 1);

% MOON
rM = mice_spkezr('MOON', et, 'J2000', 'NONE', 'EARTH').state(1:3);
thirdbody = thirdbody + eom.ThirdBody(t, X, const.Moon.Mu, rM);

% SUN
thirdbody = thirdbody + eom.ThirdBody(t, X, const.Sun.Mu, rS);

State Transition Matrix
% GETTING A FROM A FUNCTION;
% A = Agen(X(1:6), const.Earth.Mu); % 2-Body
% A = Agen(X(1:6), const.Earth.Mu, const.Earth.J2, const.Earth.Radius); % J2
% A = Agen(X(1:6), const.Earth.Mu, const.Earth.J2, const.Earth.Radius, ... % J2 + Drag
%     const.SC.CD, area, const.SC.Mass, const.Drag.rho0, const.Drag.r0, const.Drag.H, const.Earth.RotVel);
% A = Agen(X(1:6), const.Earth.Mu, const.Earth.J2, const.Earth.Radius, ... % J2 + Drag + SRP
%     const.SC.CD, area, const.SC.Mass, const.Drag.rho0, const.Drag.r0, const.Drag.H, const.Earth.RotVel, ...
%     CR, rS);
A = Agen(X(1:6), const.Earth.Mu, const.Earth.J2, const.Earth.Radius, ... % J2 + Drag + SRP + 3BP
    const.SC.CD, area, const.SC.Mass, const.Drag.rho0, const.Drag.r0, const.Drag.H, const.Earth.RotVel, ...
    CR, rS, ...
    const.Sun.Mu, rM, const.Moon.Mu);
% A = eye(6);

% UPDATING STM
Phi = reshape(X(7:end), 6, 6);
Phidot = A*Phi;

Combining Accelerations
dX = [grav + drag + srp + thirdbody; reshape(Phidot, [], 1)];
end
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Calculate Spacecraft Area -- Drag
Using poor mans calculation of area (still better than before) 

function area = scArea(X, rS, const)

    % FINDING DIRECTION W.R.T ATMOSPHERE
    vvec = [X(4) + const.Earth.RotVel*X(2);
            X(5) - const.Earth.RotVel*X(1);
            X(6)];
    vhat = vvec/norm(vvec);
    
    % CALCULATING RIC FRAME
    [~, ~, DCM] = cart2ric(X(1:3), X(4:6));
    
    % FINDING ANGLE BETWEEN VELOCITY AND SUN VECTOR
    v2s = frame.u2vAng(vhat, rS, 'd', 'inside');
    
    % CALCULATING PROJECT SOLAR PANEL AREA
    Asp = abs(const.SolarPanel.Area*cosd(v2s));
    
    % CALCULATING BODY AREAS
    % X-Face
    xhat = DCM.'*[0; 1; 0];
    v2x = frame.u2vAng(xhat, vhat, 'd', 'inside');
    
    % Y-Face
    yhat = DCM.'*[1; 0; 0];
    v2y = frame.u2vAng(yhat, vhat, 'd', 'inside');
    
    % Z-Face
    zhat = DCM.'*[0; 0; 1];
    v2z = frame.u2vAng(zhat, vhat, 'd', 'inside');
    
    % Adding
    Abd = abs(const.SC.Area(1, 1)*cosd(v2x)) + abs(const.SC.Area(2, 1)*cosd(v2y)) + abs(const.SC.Area(3, 1)*cosd(v2z));
    
    % COMBINING AREAS
    area = Asp + Abd;
%     area = 20;
     
end
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Generating H and A Matrice Functions
Last Update: 2022-04-09

clear; clc
symcell2strcell = @(C) cellfun(@char, C, 'UniformOutput', false);
overlap = @(a, b) ismember(symcell2strcell(b), symcell2strcell(a));

A Matrix
Settings
model = struct;
model.grav      = "J2";
model.drag      = "Cannonball";
model.srp       = "Cannonball";
model.thirdbody = "Moon-Sun";
savetofile = false;

Building Function
% GRAVITY
syms x [6 1] 
syms mu
J2 = sym('J_2');
ae = sym('a_e');
switch model.grav
    case "2-Body"
        vars = {x, mu};
        grav = eom.Kep([], x, mu);
        
    case "J2"
        vars = {x, mu, J2, ae};
        grav = eom.KepJ2([], x, mu, J2, ae);
end

% DRAG
syms A m H
CD = sym('C_D');
rho0 = sym('rho_0');
r0 = sym('r_0');
thetadot = sym('theta_dot');
switch model.drag
    case "None"
        drag = zeros(6, 1);
        
    case "Cannonball"
        vars = cat(2, vars, {CD, A, m ,rho0, r0, H, thetadot});
        drag = eom.Drag([], x, CD, A, m ,rho0, r0, H, thetadot)
end
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drag = 

% SRP
CR = sym('C_R');
rS = sym('r_S', [3, 1]);
switch model.srp
    case "None"
        srp = zeros(6, 1);
        
    case "Cannonball"
        newvars = {CR, A, m, rS};
        tf = ~overlap(vars, newvars);
        vars = cat(2, vars, newvars(tf));
        srp = eom.SRP([], x, CR, A, m, rS)
end

srp = 

% THIRD-BODY
muS = sym('mu_S');
rM = sym('r_M', [3 1]);
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muM = sym('mu_M');
switch model.thirdbody
    case "None"
        trb = zeros(6, 1);
        
    case "Moon-Sun"
        newvars = {muS, rM, muM};
        tf = ~overlap(vars, newvars);
        vars = cat(2, vars, newvars(tf));
        trb = eom.ThirdBody([], x, muS, rS) + eom.ThirdBody([], x, muM, rM)
end

trb = 

% COMBINING
func = grav + drag + srp + trb

func = 

symvar(func)
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ans = 

Taking Derivative
% TAKING JACOBIAN
A = jacobian(func, x);
% sympref('AbbreviateOutput', false); % Stops sigma creation
% A(:, 6)

ans = 

Outputting to File
if savetofile
    matlabFunction(A, 'Vars', vars, 'File', 'src/Agen.m')
end

H Matrix
clear; clc

Settings
model = struct;
model.ecef2eci = "Simple";
model.lighttime = "None";
savetofile = true;

Building Function
syms r [3 1]
syms v [3 1]
rSt = sym('r_Station', [3 1]);
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vSt = sym('v_Station', [3 1]);

% FINDING DIFFERENCE VECTORS
rrel = r - rSt

rrel = 

vrel = v - vSt;

% CALCULATING RANGE
range = sqrt(sum(rrel.^2))

range = 

% RANGE RATE
rangerate = (rrel.' * vrel)/range

rangerate = 

% COMBINING
z = [range; rangerate];

Taking Derivative
H = jacobian(z, [r; v])

H = 

Outputting to File
if savetofile
    matlabFunction(H, 'Vars', {[r; v], rSt, vSt}, 'File', 'src/Hgen.m')
end

ans = function_handle with value:
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